Noise-induced escape from a quasi-hyperbolic attractor in the Lorenz system is investigated via an analysis of the distributions of both the escape trajectories and the corresponding realizations of the random force. It is shown that a unique escape path exists, and that it consists of three parts with noise playing a different role in each. It is found that the mechanism of the escape from a quasi-hyperbolic attractor differs from that of escape from a non-hyperbolic attractor. The possibility of calculating the escape probability is discussed.
Introduction
One of the longstanding unsolved problems in the theory of fluctuations is that of noise-induced escape from a chaotic attractor [1] [2] [3] . Chaotic systems are widespread in nature, and the study of their dynamics in the presence of noise is a topic of broad interdisciplinary interest whose potential applications include e.g. stabilization of the voltage standard [4] and laser systems [5] , neuron dynamics [6] , macromolecular transport in biological cells [7] , and the control of migration in multistable systems [8] [9] [10] .
The difficulty in solving the fluctuational escape problem stems largely from the fact that systems possessing strange attractors are far from thermal equilibrium: no general methods are available for estimation of the escape probabilities in such L27 L28 V. S. Anishchenko et al. systems. Furthermore, the application of asymptotic methods, e.g. WKB-like approximations [11] for solution of the Fokker-Planck equation, requires the definition of the generally unknown boundary conditions and relies on the existence of the so-called most probable escape path which needs to be justified in each particular case.
It has recently been shown, however, that fluctuational dynamics can be investigated directly through measurements of the so-called prehistory probability distribution [12] [13] [14] [15] , so that it has become possible to use analogue and digital methods to examine situations where the use of analytic methods still remains problematic. In this paper we apply this technique to the investigation of noise-induced escape from a quasi-hyperbolic attractor.
The essence of the prehistory technique lies in the idea that, when the system moves to a given remote state, it does so along an optimal path under the action of a large fluctuation [16] . The dynamical variables of the system and of the fluctuational force are recorded simultaneously, and the corresponding prehistory distributions are built [12] [13] [14] [15] . This allows one to define the optimal escape path, and the corresponding optimal fluctuational force as maxima of prehistory distributions. With a knowledge of the escape path and the corresponding force, we can hope to calculate the escape probability in the Lorenz system analytically and to develop ways of controlling (and perhaps exploiting) large fluctuations [10, 15, 17] in chaotic systems.
The efficiency of this experimental approach, based on the prehistory distribution, was demonstrated earlier for noise-induced escape from a non-hyperbolic [18] chaotic attractor in a non-autonomous nonlinear oscillator [10, 19] . Here we investigate a noise-induced escape from a quasi-hyperbolic [18] chaotic attractor in the Lorenz system, and thus address and answer the question: how does the mechanism of escape from a chaotic attractor depend on the structure of the attractor? In doing so, we confirm the applicability of our experimental approach [12] [13] [14] to a wider class of complex systems and we demonstrate that it provides the insight necessary for the application of analytical methods.
The Model and Results
The Lorenz system [20, 21] is of interest because it describes e.g. convective fluid dynamics, as well as the single mode laser [1, 22] :
here q 1 , q 2 , q 3 are dynamical variables, and σ, r, b are parameters. For simplicity let us consider the noise source to act through the third equation only. This does not destroy the mirror symmetry of the system, which is invariant under the change of variables (q 1 , q 2 , q 3 ) → (−q 1 , −q 2 , q 3 ). The situation when noise affects all three variables is more complicated for the analysis. First of all the dimension of the extended phase space is increased substantially and secondly adding noise to the first two equations lifts degeneracy of the optimal escape path. This situation, however, may be of importance in the context of analysis of the laser dynamics and will be considered elsewhere.
For σ = 10, b = 8/3, r = 24.08, the system (1) has three attractors [21] : two stable points P 1 and P 2 , and the Lorenz attractor ( Fig. 1(a) ). Stable manifolds of the saddle cycles L 1 and L 2 surround the stable points and they constitute boundaries between the chaotic and regular regimes in this region of phase space. The chaotic Lorenz attractor consists of non-trivial hyperbolic sets, the separatrixes Γ 1 and Γ 2 and the saddle point O [23] .
The last fact can be illustrated ( Fig. 1(b) ) by the existence of two trajectories T 1 and T 2 (found by variation of the initial conditions on the attractor). These trajectories lie in the very close (∝ 10 −6 ) vicinity of the stable manifold W s of the saddle point O. Accordingly they follow this manifold to pass nearby the point O. After that they approach to the saddle cycles L 1 and L 2 following the separatrixes Γ 1 and Γ 2 that define the boundary of the chaotic attractor [23] . Numerical studies have shown that the probability of the noise-free system passing near the separatrixes or the cycles L 1 and L 2 is exponentially small. In fact, in the noise-free system no trajectories can be found approaching a close vicinity of the cycles L 1 and L 2 along the separatrixes on any reasonable timescale of observation (a few weeks in our case).
However, by adding a very weak noise to the system (D = 0.001) one can induce transitions to the states P 1 and P 2 , so that the Lorenz attractor becomes metastable.
To investigate noise-induced escape from the Lorenz attractor we have carried out numerical simulations implementing a high-speed pseudo-random generator [24] for the increment ∆q 3 . We build the prehistory distributions both for the escape trajectories and for the corresponding realizations of random force. For definiteness, we examine escape to the stable point P 1 . Ten escape trajectories obtained by numerical simulations are shown in Fig. 1(b) . They approach the saddle point O closely in two narrow bunches that emerge from the attractor. The tube shown is slightly dispersed near point O and, moving along the separatrix Γ 2 , it falls onto the unstable manifold of the saddle cycle L 1 in the vicinity of point C. The existence of two bunches of trajectories, leading from the points S to the point A, is a consequence of the symmetry of the Lorenz system: it allows us to consider only one of these bunches leading to the point A, without loss of generality. Note that there are several ways to approach point S within a chaotic attractor.
Analysis of the prehistory distribution of the escape trajectories shows that there is well-defined maximum in their distribution. Therefore we can define the optimal path by ensemble-averaging the escape trajectories. The optimal fluctuational force can be obtained by averaging the corresponding realizations of the random force. Fig. 2 shows the coordinate q 3 of the optimal path and the value p 3 of the averaged fluctuational force as functions of time during the escape process.
The results obtained suggest the following scenario of escape from the Lorenz attractor. The escape path consists of three main parts (Fig. 2(b) ): (i) the deterministic part from the point S to the point A; (ii) a part corresponding to fast fluctuation-assisted motion along the separatrixes from the point A to the point C; and (iii) slow diffusion from the point C to overcome the deterministic drift on the unstable manifold of the saddle cycle L 1 and to cross L 1 . It is important to note that noise plays a different role during each part of the escape.
In the first part (from the point S to the point A) the trajectory moves on the chaotic attractor. This path can be observed in the absence of noise, and the presence of noise results merely in a small diffusion of trajectories around the escape path. The fluctuational force (Fig. 2(a) ) is equal to zero in this part. The probability ρ 1 to find the system in a small (of order √ D) region near point A is practically independent of the presence of noise, and it defines the frequency of the escape attempts. The independence of ρ 1 on noise intensity confirms the wellknown result [3, 25] that the structure of the Lorenz attractor does not change in the presence of fluctuations.
The second part corresponds to motion along the manifolds of the saddle point O: (i) the stable two-dimensional manifold W s and (ii) the one-dimensional unstable manifold Γ 2 . The distribution of escape trajectories has a finite width near the point A. If the noise is switched off at this point, then the trajectories will diverge from the manifolds W s and Γ 1 and, consequently, from the escape path. Under the action of fluctuations the trajectories remain in the vicinity of the manifolds and fall onto unstable manifolds of the saddle cycle L 1 near the point C. The fluctuational force corresponding to motion from point A to point C is different from zero and has a well defined shape (Fig. 2(a) ). The time variation of the fluctuational force during this part of the escape trajectory is strongly correlated with the time dependence of coordinate q 3 , and the action of the fluctuational force is always such that it pushes the system towards the separatrix. Note that the second part of the escape path can be observed, at least in principle, for the noise-free system if the system trajectory falls to within a very small vicinity (of order 10 −6 ) of the trajectories T 1 or T 2 . As pointed out above, however, the probability of such events occurring in practice is effectively zero, and none were observed on the few-weeks time scale of our experiments.
The third and final part of the escape trajectory corresponds to motion on the two-dimensional unstable manifold of the saddle cycle L 1 . The escape trajectories fall to the unstable manifold, and then cross the cycle L 1 under the action of fluctuations. After crossing, the trajectories relax to the stable point P 1 . In the absence of fluctuations the trajectory will spiral very slowly inwards from the saddle cycle L 1 . The velocity of slow (averaged over a period) drift is defined by the largest multiplier of the saddle cycle L 1 , which is equal to µ 1 = 1.028. Because the deterministic drift of the system away from the saddle cycle L 1 is very slow, it can be overcome by the diffusion of the system across the cycle. However, only those components of the noise that oscillate in anti-phase with the coordinate q 3 can contribute to the crossing of the limit cycle (recall that the noise acts only on the q 3 component of our system, so that it is only the oscillations of the fluctuational force in anti-phase with q 3 that can push the system towards the limit cycle). This fact is reflected in the long anti-phase oscillations of the fluctuational force in Fig. 2(a) . Obviously, this part of the escape processes relies entirely on the action of noise.
The long time interval over which the third part of the escape process occurs suggests that the coupling between this part and the two earlier parts is only probabilistic, and that there is no dynamical coupling between them.
Conclusion
We conclude that, for a quasi-hyperbolic attractor, there exists a unique optimal escape path. The role of fluctuations is two-fold. First, they deliver the system to a seldom-visited region in the neighborhood of the saddle cycle L 1 . And secondly they induce the system to cross the saddle cycle L 1 . The escape path consists of three parts (Fig. 2(b) ). The motion during the first part is deterministic, but it is governed by a non-zero fluctuational force during the second and third parts of the escape process. Therefore the escape probability can at least in principle be found as a product of probabilities of sequential transitions ρ 1 , ρ 2 and ρ 3 . Here ρ 1 is the probability to find the system in some specific region in the vicinity of trajectories T 1 or T 2 in the absence of noise, ρ 2 is the probability of a transition from the point A to a given region on the two-dimensional manifold of the saddle cycle L 1 , and ρ 3 L32 V. S. Anishchenko et al. is the probability of crossing the saddle cycle L 1 .
The probability ρ 1 can be found as a probability measure of the Lorenz attractor in the absence of noise. ρ 2 is defined by the dynamics of the system in the deterministic flow near the separatrix in the presence of fluctuations. The motion takes place during a finite time interval, and the role of fluctuations is to push the system as close as possible towards the separatrix. The probability ρ 3 is determined by the stochastic dynamics of the system on the two-dimensional unstable manifold of the saddle cycle. The analysis of ρ 3 can be reduced to an analysis of the stochastic dynamics of the slowly varying amplitude of oscillations near L 1 . In this approximation one has to find the probability of a Brownian particle crossing a potential barrier that is set initially in the close vicinity of the potential maximum.
The theoretical analysis of the probabilities ρ 2 and ρ 3 will be considered later in a paper to be published elsewhere.
Finally, we emphasize that our observations of a unique optimal escape path and the corresponding optimal fluctuational force, based on experimental measurements of the prehistory probability distribution [12] , pave the way for further theoretical analysis of the stability of the Lorenz attractor in the presence of fluctuations, and of fluctuational dynamics within a chaotic attractor.
